A recent measurement of the hyperfine splitting in the ground state of Li-like 209 Bi 80+ has established a "hyperfine puzzle" -the experimental result exhibits a 7σ deviation from the theoretical prediction [J. Ullmann et al., Nat. Commun. 8, 15484 (2017); J. P. Karr, Nat. Phys. 13, 533 (2017)]. We provide evidence that the discrepancy is caused by an inaccurate value of the tabulated nuclear magnetic moment (µI ) of 209 Bi. We perform relativistic density functional theory and relativistic coupled cluster calculations of the shielding constant that should be used to extract the value of µI ( 209 Bi) and combine it with nuclear magnetic resonance measurements of Bi(NO3)3 in nitric acid solutions and of the hexafluoridobismuthate(V) BiF − 6 ion in acetonitrile. The result clearly reveals that µI ( 209 Bi) is much smaller than the tabulated value used previously. Applying the new magnetic moment shifts the theoretical prediction into agreement with experiment and resolves the hyperfine puzzle.
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INTRODUCTION
A combined measurement of the hyperfine structure (HFS) splittings in hydrogenlike and lithiumlike ions of 209 Bi has been suggested as early as 2001 [1] to be a sensitive probe for bound-state strong-field QED in the strongest static magnetic fields available in the laboratory. Such fields exist in the surrounding of heavy nuclei with nuclear spin and a large nuclear magnetic moment. The electron in H-like 209 Bi 82+ , for example, experiences on average a magnetic field of about 30 000 T, more than 1000 times stronger than available with the strongest superconducting magnet. According to [1] , a special combination of the ground-state HFS splittings in H-like and Li-like ions (∆E (1s) and ∆E (2s) , respectively) of the same nuclear species, called the specific difference
provides the best means to test bound-state strong-field QED in the magnetic regime. Here, the parameter ξ = 0.16886 [1, 2] is chosen to cancel the contributions of the nuclear-magnetization distribution (Bohr-Weisskopf effect) to ∆E (1s) and ∆E (2s) . This is required since the uncertainties of these contributions to the HFS splittings are commonly larger than the complete QED contribution and have failed all previous attempts to perform a QED test solely based on the HFS splitting in H-like heavy ions. However, at the time of the proposal [1] the experimental uncertainty of the HFS splitting in the Lilike 209 Bi 80+ extracted from x-ray emission spectra [3] was far too high to verify the predictions for ∆ E. The first laser spectroscopic observation of the splitting reported in 2014 was orders of magnitude more precise but still limited by systematical uncertainties [4] . Finally, further improvement in accuracy by more than an order of magnitude was recently reported [5, 6] but the result was surprisingly more than 7σ off from the latest theoretical prediction [2] . Since the experimental nuclear magnetic moment µ I of 209 Bi enters the calculation of the specific difference, an incorrect value will lead to a proportional change in ∆ E, which could be responsible for the discrepancy [7] . We also note that in Ref. [8] the discrepancy between theory and experiment on the HFS splitting in H-like Ho was ascribed to an inaccurate value of the nuclear magnetic moment of 165 Ho.
We have reexamined the literature value µ I ( 209 Bi) obtained from nuclear magnetic resonance (NMR) experiments from a theoretical point of view. This has motivated new NMR measurements of bismuth ions in different chemical environments. Results of these experiments are reported and analyzed applying high-level four-component relativistic coupled cluster theory for advanced chemical shift calculations. We show that our result can completely resolve the hyperfine puzzle established in [6] . The specific difference ∆ E has, so far, always been calculated using the magnetic moment µ I ( 209 Bi) = 4.1106 (2) µ N tabulated in [9] . This value was obtained using the uncorrected (for shielding effects) experimental value of the magnetic moment µ I ( 209 Bi) = 4.03910 (19) µ N reported in an NMR study [10] of bismuth nitrate, Bi(NO 3 ) 3 , which was then combined with the shielding constant for the Bi 3+ cation calculated in [11] . In [12] the self-consistent relativistic molecular DiracFock-Slater calculation of the shielding constant of the Bi(NO 3 ) 3 molecule using the Lamb formula [13] was performed. The final value, σ = 17290(60) ppm, with very small uncertainty was obtained by combining relativistic random phase approximation calculation of the Bi 3+ cation (17270 ppm) with the molecular correction. The authors concluded that the molecular correction is very small and thus supported the value from [9] .
However, the authors of [12] 3+ , more recent studies [15] expect that the hydrated form is rather [Bi(
3+ . We found that in both cases the electronic structure of the n-coordinated complex significantly differs from the Bi(NO 3 ) 3 molecule considered in [12] , which is expected. The molecular environment in Bi(III/V)-containing complexes strongly contributes to the shielding constant and a considerable chemical shift is introduced. Consequently, the value of the shielding constant obtained in Ref. [12] cannot be used for the precise extraction of the 209 Bi magnetic moment from the experimental NMR data.
There is, however, additional NMR data for another Bi containing system: the hexafluoridobismuthate(V) anion ( 209 BiF − 6 ) [16] . It has seven atoms and high spatial symmetry. According to Morgan et al. [16] , a measurement of BiF − 6 with reference to a saturated solution of bismuth nitrate in concentrated nitric acid gave a chemical shift of −24 ppm. Unfortunately, there is an inconsistency in the reported experimental data of [16] , since the measured frequency ratio is given as ν( (10) . The comparison of this ratio with the one reported in [10] indicates a massive chemical shift of about δ ≈ +3200 ppm instead of −24 ppm. We have performed NMR measurements of both samples to clarify these discrepancies. measurements [10] , we performed a systematic study using various bismuth nitrate solutions. Samples of "Bi(NO 3 ) 3 " solutions were prepared with concentrations of 2.5%, 5% and 10% Bi 3+ (wt %) in concentrated (65 wt %) and diluted aqueous solutions (50, 30, 20, 10 wt %) of nitric acid (HNO 3 ). BiF
anions were obtained by dissolution of
(NMe 4 BiF 6 ) in acetonitrile to a saturated solution [17] .
All NMR measurements were performed at an 8.4-T magnet using the same double resonance probe for 209 Bi NMR and 1 H NMR calibration with tetramethylsilane. The sample temperature was stabilized with an accuracy of 1 K employing a constant gas flow tempered by an electric heater. Spectra were obtained from the free induction decay following a 90
• pulse of 3.5 µs length for 209 Bi.
Typical spectra of the 209 Bi atoms in BiF (14) Hz was determined, in good agreement with [16] . Note that a 19 F spectrum of the sample was taken as well and a decet consistent with the coupling of an I = 9/2 nucleus to an octahedral environment of six fluorine atoms was observed. The signal from the nitrate solution is much wider. Even at the highest temperature of 360 K, the width of the 209 Bi spectra was 4.4 kHz due to the short spin-lattice and spin-spin relaxation times of ≈ 70 µs. This width limits the accuracy of the 209 Bi resonance frequency in the solution of the nitrate to 1 ppm. The chemical shift of Bi 3+ in the solution of the bismuth nitrate with respect to Bi 5+ in BiF A strong temperature effect is observed for Bi(NO3)3 solutions, here exemplified for a 10% Bi 3+ (wt %) solution in concentrated nitric acid (black), whereas only a minor effect was measured for NMe4BiF6 dissolved in acetonitrile (blue). Inset: Larmor-frequency ratios measured by NMR in Bi(NO3)3 solutions with 2.5% Bi 3+ (wt %) in nitric acid (HNO3) of various concentrations at 300 K. The y axis is identical to the main graph and the gray band represents the total variation.
than the −24 ppm reported in [16] . Contrary to [19] we found that the variation of the bismuth concentration between mass fractions of 2% and about 40% (saturation) in nitric acid of 30% had no appreciable effect on the measured Larmor frequency as long as temperature and nitric acid concentration were kept constant.
Variations of the Bi(NO 3 ) 3 sample temperature from 250 to 360 K were performed with the sample of 10% Bi in concentrated nitric acid (65%). We observed a strong linear temperature dependence of the frequency ratio in this range (Fig. 2) with a slope of +4.69(13) × 10 −7 K −1 , corresponding to about 3 ppm/K, which might be caused by the change of density. For standard NMR conditions at 298.15 K a frequency ratio of ν209 Bi 3+ /ν H = 0.160699(1) was determined, where the given uncertainty is purely statistical. This value is in excellent agreement with 0.160696(6) reported in [10] . The temperature dependency of BiF − 6 is 2 orders of magnitude smaller (≈ 20 ppb/K) and of opposite sign. At 298.15 K the frequency ratio to the proton is 0.1607167(2) far off from the value provided in [16] . However, the latter matches our value if one simply flips two digits [0.1601765(1) → 0.1607165(1)].
Finally, we have studied the resonance position of Bi(NO 3 ) 3 as a function of the nitric acid concentration (inset in Fig. 2) . A clear dependence on the acidity is observed for all Bi 3+ concentrations, covering a range of typically ≈ 60 ppm.
In summary, the results clearly demonstrate that a large uncertainty is connected with the extraction of the magnetic moment of 209 Bi from NMR measurements in aqueous solutions of Bi(NO 3 ) 3 . The influence of the chemical environment was strongly underestimated in theory since the calculations performed to extract the chemical shift do neither account for the temperature nor for the concentration or acidity of the sample. In this respect, BiF − 6 is a much better candidate to obtain a reliable value of the magnetic moment which will be substantiated now also from a theoretical point of view.
THEORY
In the presence of the external uniform magnetic field B and nuclear magnetic moment µ j of j−th atom in a molecule the corresponding Dirac-Coulomb Hamiltonian includes the following terms:
where r G = r−R G , R G is the gauge origin, r j = r−R j , R j is the position of nucleus j, and α are the Dirac matrices. The chemical shielding tensor of the nucleus j can be defined as a mixed derivative of the energy with respect to the nuclear magnetic moment and the strength of the magnetic field
We are interested in its isotropic part. In the one-electron case the shielding tensor (4) can be calculated by the sum-over-states method within the second-order perturbation theory with perturbations (2) and (3). In the relativistic four-component approach the summation should include both positive and negative energy spectra [20] . The part associated with positive energy is called the "paramagnetic" term while the part associated with negative energy states is called "diamagnetic term" though only their sum is gauge invariant [20] .
To avoid an ambiguity in calculations utilizing finite basis sets due to the choice of the gauge origin R G one can use the so-called London atomic orbitals (LAOs) method (see e.g. [21, 22] for details). In Refs. [21] [22] [23] the four-component density functional theory (DFT) using response technique and LAOs has been developed to calculate the shielding constant (4). To construct the atomic basis sets for the unperturbed Dirac-Coulomb Hamiltonian calculations one often uses the restricted kinetic balance (RKB) method. However, in the presence of the external magnetic fields the usual relation between the large and small component changes. In Ref. [21] the scheme of magnetic balance (MB) in conjunction with LAOs was proposed to take into account the modified coupling which is utilised below.
Most of the chemical shift calculations for heavy atom compounds are performed within the (relativistic) DFT. The drawback of the theory is that it is hard to control the uncertainty of the results as there is no systematic way of improving it. Even combinations with high-level nonrelativistic ab initio wave-function-based calculations are also questionable in the case of heavy atom compounds. In Refs. [24] [25] [26] [27] it was shown that for such properties as the hyperfine structure constant and the molecular g factor, the relativistic coupled cluster method gives the most accurate results if there are no multireference effects. Therefore, this method has been adopted here to control the uncertainty of the DFT results.
ELECTRONIC STRUCTURE CALCULATION DETAILS
In the present study we have used atomic basis sets of different qualities. The NZ (where N = Double, Triple, Quadruple) basis set corresponds to the uncontracted core-valence N-zeta [28, 29] Dyall's basis set for Bi and augmented correlation consistent polarized valence Nzeta, aug-cc-pVNZ [30, 31] basis set for light atoms. In the DZC basis set the contracted version of the aug-ccpVDZ [30, 31] basis sets were used for light atoms.
Based on the nonrelativistic estimates, the hybrid density functional PBE0 [32] has been chosen because it reproduces the nonrelativistic coupled cluster value rather well. Geometry parameters of the BiF − 6 anion have been obtained in the scalar-relativistic DFT calculation using the generalized relativistic pseudopotential method [33] .
The contribution of the Gaunt interaction to the shielding constant was estimated as the difference between the values calculated at the Dirac-Hartree-FockGaunt and Dirac-Hartree-Fock level of theory within the uncoupled scheme.
Nonrelativistic and scalar-relativistic calculations were performed within the us-gamess [34] and cfour [35] codes. Relativistic four-component calculations were performed within the dirac15 [23] and mrcc [36] codes. For calculation of the hyperfine-interaction matrix elements and g factors the code developed in Refs. [24, 25, 37] was used. anion. Comparing Dirac-Hartree-Fock (DHF) and DFT results in Table I it can be seen that the diamagnetic contribution to σ( 209 Bi) depends only weakly on the correlation effects, while the paramagnetic contribution is strongly affected. To check the accuracy of the latter DFT result we have performed a series of relativistic coupled cluster calculations of σ( 209 Bi) taking into account only the positive energy spectrum. Comparing values obtained within the coupled cluster with single, double and noniterative triple-cluster amplitudes (CCSD(T)) with that of CCSD shows that the triple amplitudes only slightly contribute to σ( 209 Bi) demonstrating good convergence of the results with respect to the electron correlation treatment [38] .
RESULTS AND DISCUSSION
In the final value of σ( 209 Bi) we include the correlation correction calculated as the difference between the CCSD(T) and PBE0 results.
To investigate the importance of systematic treatment of the molecular environment we have also performed an additional DHF study of one of the possible hy- . Therefore, the interpretation of the molecular NMR experiment in terms of the nuclear magnetic moment using a shielding constant obtained for the corresponding ion (as was done in earlier studies) is associated with considerable uncertainties.
We now use the value obtained for ν 209 BiF (2) µ N ] values of the nuclear magnetic moment [2] . The theoretical results include the most elaborated calculation of the Bohr-Weisskopf effect [39] .
The new magnetic moment has been used to recalculate the specific difference and we obtain ∆ E theo = −61.043(5)(30) meV, where the first uncertainty is due to uncalculated terms and remaining nuclear effects, while the second one is due to the uncertainty of the nuclear magnetic moment obtained in the present work. Revised value of ∆ E theo is plotted in Fig. 3 combined with the previous theoretical and experimental data. Theory and experiment are now in excellent agreement and the 7σ discrepancy reported in [6] disappears. Unfortunately, the uncertainty of ∆ E theo is now 14% of the total QED contribution and about 1.5 times larger than the experimental uncertainty. Hence, an improved value for the nuclear magnetic moment of 209 Bi is urgently required, either from an atomic beam magnetic resonance experiment or from a measurement on trapped H-like ions. The latter will have the advantage that no shielding corrections have to be applied. Such an experiment is planned at the ARTEMIS trap [40] at the GSI Helmholtz Centre in Darmstadt. Only such a measurement combined with an improved determination of the HFS splitting in 209 Bi 80+,82+ as it is foreseen at SPECTRAP [41] can provide a QED test in the magnetic regime of strong-field QED. Our result also proves that a measurement of the specific difference can also be used to extract the nuclear magnetic moment. Doing so results in µ I ( 209 Bi) = 4.0900 (15) µ N in excellent agreement with the NMR value obtained here.
